We present a gauge-fixed M 5-brane action: a 6-dimensional field theory of a self-interacting (0,2) tensor multiplet with 32 worldvolume supersymmetries. The quadratic part of this action is shown to be invariant under rigid OSp(6, 2|4) superconformal symmetry, with 16 supersymmetries and 16 special supersymmetries.
Introduction
M 5-brane [1] is one of the most interesting supersymmetric extended objects with the rare property of being completely non-singular [2] . The recently discovered kappa-symmetric action of the M 5-brane is the most mysterious one [3, 4] . The superembedding approach to the M 5-brane theory was developed in [5] and it gives a covariant set of equations of motion of the theory in a beautiful geometric setting. The gauge-fixed M 5-brane action describes a 6-dimensional action of a self-interacting (0,2) tensor multiplet with 32 worldvolume supersymmetries [6] .
There is a growing interest to a 6-dimensional superconformal theory which should describe the small fluctuations (and possibly interactions) of the M 5-brane (M 5-branes) [7, 8, 9] . The standard lore here goes as follows: "The (0, 2) theory of k 5-branes of M theory has a moduli space of vacua (R 5 ) k /S k . At the origin of the moduli space, the theory is superconformal and has U(k) gauge symmetry" [10] . It seems also that not much of this is actually understood. The most difficult part of making this picture realistic is related to our inability at present to construct a non-Abelian interaction of k (0,2) supersymmetric tensor multiplets. This is different from the picture of interacting D-branes where the underlying Yang-Mills field theory of nonAbelian vectors fields is available. In fact, not much is known even about the superconformal theory of one tensor multiplet in d=6. Only the on shell superconformal tensor multiplet in d=6 as well as an on shell conformal supercurrent superfield are known [11] .
The purpose of this paper is to study various aspects of the M 5-brane theory. We present a detailed exposition and derivation of the κ-symmetric M 5-brane action [3, 4] in our notation which are given in Appendix A. We further present a detailed derivation of the gauge-fixed action [6] describing the self-interacting (0,2) tensor multiplet and its 32 global supersymmetries, half of which are of the Volkov-Akulov type.
The quadratic part of this action, the free action of the tensor supermultiplet, will be explicitly shown to be invariant under superconformal symmetry with 16 supersymmetries and 16 special supersymmetries. This superconformal symmetry of the 6-dimensional theory has a bosonic part with SO(6, 2)-symmetry, which is exactly the symmetry of the space-time M 5-brane near the horizon. The near horizon geometry is given by adS 7 × S 4 [12] . The superconformal symmetry forms an OSp(6, 2|4) algebra whose bosonic part is SO(6, 2) × USp(4).
In the process of proving the superconformal symmetry of the (0,2) free tensor multiplet action we have found that in general, except in the very first paper on Wess-Zumino model [13] , the concept of rigid superconformal symmetry was not developed to the extent which is required to establish the presence or absence of superconformal symmetry of generic non-gravitational theories. In [14] rigid superconformal transformations for scalar multiplets in presence of a background metric are discussed. In most cases the local superconformal symmetry was developed in the past, in particular in 6-dimensional case the superconformal matter couplings to supergravity were presented in [15] . Since the actions of kappa-symmetric branes gauge-fixed in a flat target space are not gravitational actions but rather actions of matter multiplets, we have worked out the concept of rigid superconformal symmetry in general.
We observe 1 the fascinating relation between the enhancement of supersymmetry near the M 5-brane horizon and emergence of superconformal supersymmetry for the small fluctuations of the 5-brane. The M 5-brane configuration in the bulk breaks 1/2 of the supersymmetry of 11-dimensional supergravity. The brane interpolates between the Minkowski M 11 space at infinity, which is maximally supersymmetric, and adS 7 × S 4 near the horizon, which is also maximally supersymmetric [12] . The symmetry of the supersymmetric adS 7 space-time is the symmetry of the superconformal field theory on the brane. At present we do not have a clear explanation of the relation between enhancement of supersymmetry in space-time and emergence of special conformal symmetry on the brane. However we have found the relation between the bosonic symmetries of the anti-de Sitter space and conformal symmetry on the brane.
In the past it was often conjectured that conformal supersingleton field theories will provide the action for small fluctuations of the superbranes. A discussion of this conjecture with respect to near horizon geometry of various branes with extensive list of references can be found in the paper of Gibbons and Townsend [12] . We recall the singletons are the most fundamental representations of the anti-de Sitter group SO(p + 1, 2). In case of SO(6, 2) they are called doubletons. The supersymmetric singleton (doubleton) field theories live on the boundary of adS p+2 space, given by S p × S 1 . The singleton field theories have some number of scalars and spinors and the action has a superconformal symmetry. The doubleton supermultiplet forms an ultra-short representation of the OSp(6, 2|4) superconformal algebra and has 5 scalars, a chiral spinor (0,2) and an antisymmetric tensor with self-dual field strength [16] . The equation of motions of the doubleton theory, which lives on S 5 × S 1 boundary of the adS 7 space-time have a superconformal symmetry [17] .
We will find that the small fluctuations of the M 5-brane are indeed given by the doubleton supermultiplet of adS 7 group. However, the quadratic part of the M 5-brane, gauge-fixed in a flat 11-dimensional space, defines fields on the 6-dimensional Minkowski space, it is superconformal invariant and different from the superconformal doubleton field theory since the equations of motion are different. After verifying the superconformal symmetry of the small excitations of the M 5-brane we will find that the self-interaction of the single M 5-brane in a flat 11-dimensional background violates the superconformal symmetry of the quadratic approximation.
The paper is organized as follows. In Sec. 2 we introduce the concept of rigid conformal symmetry of non-gravitational theories. For theories with supersymmetry the conformal symmetry leads to the appearance of the second special supersymmetry via the commutator of usual supersymmetry with special conformal symmetry. We discuss the superconformal algebra in general case and the one relevant to M 5-brane theory, an OSp(6, 2|4) algebra. Using a 'triality' of SO(6, 2) one can write down a manifestly symmetric superalgebra with graded (fermionic) bosonic (anti) commutators. In Sec. 3 we present the OSp(6, 2|4) superconformal algebra in more familiar form with only 6-dimensional symmetry manifest: we have SO(5, 1) Lorentz symmetry, translations, special conformal symmetry and dilatation, i.e. 28 generators of SO(6, 2) bosonic conformal symmetries. Next, there are 16 supersymmetries and 16 special supersymmetries and also the generators of internal symmetry, an USp(4) ≈ Spin(5) group. We further recall the properties of the doubleton representation of the OSp(6, 2|4) superconformal algebra [16] and the doubleton field theory [17] .
In Sec. 4 we present a free theory of the (0,2) tensor multiplet in d=6 and prove that it has a superconformal symmetry. We contrast our superconformal action for the small excitations of the M 5-brane with the doubleton field theory [17] .
Sec. 5 describes the M 5-brane action in flat 11-dimensional space and gauge-fixing of local symmetries on the brane, reparametrization and kappa, which leads to the theory of the self-interacting (0,2) tensor multiplet. The quadratic part of this action is shown to coincide with the action of the free theory of the (0,2) tensor multiplet. The interaction terms are shown to break superconformal symmetry of the free action.
In Sec. 6 we explore the connection between superconformal symmetry on the worldvolume and M 5-brane as a classical BPS solution of 11d supergravity which near the horizon tends to adS 7 × S 4 geometry with enhancement of supersymmetry near the horizon. We display the relation between the linearly realized SO(6, 2) part of superconformal symmetry of the adS 7 space (considered as a hypersurface in an 8-dimensional space) and non-linearly realized superconformal symmetry SO(6, 2) on the 6-dimensional worldvolume. In Conclusion we list our main new results. Appendix A contains the notations. They are rather extensive as we have to deal with spinor structures in SO(10, 1), SO(5, 1)and SO(6, 2) theories. Appendix B has some useful information on rigid superconformal symmetry for non-gravitational theories and finally, Appendix C has details on the derivation of κ-symmetry of the M 5-brane.
Superconformal symmetry in non-gravitational theories
The superconformal group in the past was used as a tool for obtaining supergravity actions with matter couplings invariant under local super-Poincaré transformations in various dimensions [18, 19, 20] . First the action was build with superconformal symmetry and then the conformal symmetry was gaugefixed: the remaining action provided the action of supergravity coupled to all possible matter multiplets. At present there is a growing interest to superconformal non-gravitational theories. In principle, for this purpose one can use the available information in the literature on local superconformal theories and decouple supergravity to be left with superconformal theories of matter multiplets. However, in practice, this is a rather complicated route. Therefore we will set up here a general procedure to define superconformal non-gravitational theories directly avoiding introducing and decoupling gravity. This we call rigid superconformal symmetry. First we consider the bosonic part of the superconformal symmetry and after that the enlarging with supersymmetry.
Conformal transformations in dimension d > 2
The bosonic part of conformal transformation in dimension d includes the Lorentz transformation M µν of SO(d − 1, 1), the translation P µ , the special conformal transformation K µ and the dilatation D [21] . Here µ = 0, 1, . . . , d− 1. All these transformations can be nicely packaged in an algebra of the conformal group SO(d, 2) with generators Mμν = −Mνμ,μ = 0, 1, . . . , d + 1. Those include the Lorentz generators M µν of the subgroup SO(d − 1, 1), whereas translations , special conformal transformations and dilatations form the rest of the SO(d, 2) algebra as follows:
Thus the conformal group is SO(d, 2) defined by the algebra
where η is the diagonal metric (− + +... + −). Corresponding to those con-
}, the generator of the infinitesimal conformal transformation is:
In general, fields φ i (x) of the d-dimensional theory have the following transformations under conformal group:
To specify for each field φ i its transformations under conformal group one has to specify: i) transformations under the Lorentz group, encoded into the matrix (m µν ) i j . The properties of the matrix m µν which defines the Lorentz rotation can be found in appendix B.
ii) The Weyl weights, w i . iii) Possible extra parts of the special conformal transformations (k µ φ) i (apart from those connected to translations, rotations and dilatations as shown below in (2.5) and (2.6)). Examples of such transformations can be found e. g. in case of fields forming a representation of the real N = 1 supermultiplet in d=4 with Weyl weight w: in particular, under special conformal transformations the last component field D transforms as δD = −2wΛ µ K D µ C where C is the first component of the real superfield [22, 19] . The Weyl weight of (k µ φ i ) should be w − 1, and k µ are mutually commuting operators. We now can explain the various terms and why the transformations are called rigid. The parameters {a µ , λ µν M , λ D , Λ µ K } are all x-independent global, but the transformation of the fields does depend on the coordinates x of the d-dimensional space via the x-dependent translation ξ µ (x),
Here the x-dependent translation ξ µ (x) is the Killing vector satisfying
In d=2 the Killing equations are reduced to ∂ zξ = ∂zξ = 0 and this leads to an infinite dimensional conformal algebra. In dimensions d > 2 the conformal algebra is finite-dimensional. With these rules the conformal algebra is satisfied. The question remains when an action is conformal invariant. We consider local actions which can be written as
e. with at most first order derivatives on all the fields. For P µ and M µν there are the usual requirements of a covariant action. For the local dilatations we have the requirement that the weights of all fields in each term should add up to d, where ∂ µ counts also for 1, as can be seen from (B.5). Indeed, the explicit Λ D transformations finally have to cancel with
For special conformal transformations one remains then with
where ← ∂ indicates a right derivative. The first terms originate from the K-transformations contained in (2.5) and (2.6). In most cases these are sufficient to find the invariance and no (k µ φ) are necessary. In fact, the latter are often excluded because of the requirement that they should have Weyl weight w i − 1, and in many cases there are no such fields available.
Although we will show that this condition is satisfied for many dilatational invariant theories, it is non-trivial. As a counterexample we give the action of the scalars φ 1 and φ 2 (with Weyl weights (
When proving special conformal symmetry of the (0,2) theory, we will use (2.9) describing in general case the variation of the action under special conformal symmetries. Thus the lesson from this section is that to establish a rigid conformal invariance of a non-gravitational action in general one has to use the transformations on fields as given above, see also Appendix B for additional details. The special conformal symmetry in general does not follow from Poincaré and dilatation symmetry and has to be established independently.
The supersymmetric algebra
Enlarging the conformal algebra with supersymmetry Q one automatically gets a second 'special' supersymmetry S as the commutator of K and Q. Furthermore in the anticommutator of Q and S appears apart from the conformal transformations also an 'internal' symmetry group. The algebras were classified in [23] . To satisfy the theorem of Haag, Lopuszańsky and Sohnius, [24] the conformal group should appear as a factored subgroup of the bosonic part of the superalgebra, and the fermionic generators should sit in a spinorial representation of that group. In 6 dimensions this is satisfied with OSp(6, 2|2N). At first sight, this would give spinor generators in the fundamental of SO(6, 2). But SO(6, 2) has 'triality'. This means that the left-handed spinor, the right-handed spinor and the vector representations are all equivalent. We will therefore first rotate the generators Mμν to antisymmetric objects in chiral (right handed) spinor space. This is done using the invertibility of Γμν αβ :
See appendix A.4 for the properties of gamma matrices in (6, 2) space. These properties imply thatĈΓμν are the only antisymmetric ones in chiral space (as they form already 28 independent matrices). We thus define
In the new form, the SO(6, 2) algebra is
where the charge conjugation matrix (symmetric in (6, 2)) plays now the role of metric. For (0,2) theories we want 16 supersymmetry generators + 16 special supersymmetries, which we find in OSp(6, 2|4), which implies that the internal symmetry group is USp(4) ≈ SO(5).
Orthogonal groups are defined by the transformations between vectors Vμ, leaving invariant the inner product < V, V >≡ VμημνVν (symmetric metric η). For orthosymplectic groups we introduce superspace vectors
, where the first ones are bosonic (8 in our case), and the latter ones fermionic (4 for us). The group is then defined by the transformations
where we introduced the orthosymplectic metric
graded symmetric, i.e. symmetric in the upper left part, and the lower right part contains the antisymmetric metric of USp(4). Raising and lowering indices with this metric, we can write the generators with all indices down, and using the notation for signs where (−)α = 1, and (−) i = −1 (i.e. in these sign factors the bosonic indicesα get the value 0, and i is 1), we then have 16) which are of statistics (−) Σ+Λ . Thus there are (introducing for future reference the notation U ij = U ji for what will become the USp(4) generators):
All the (anti)commutators can then be written by the rule
The left hand side contains the graded commutator. This rule is thus the same as for the orthogonal groups, see e.g. (2.2), apart from signs corresponding to the interchanges of indices (and we used that the 2 indices on η have the same statistics). The bosonic subalgebra contains two parts. For all indices of the bosonic type, we recover (2.13). For the bosonic operators with two fermionic indices we find the unitary symplectic algebra:
Due to the triality transformation, the commutators of the conformal algebra generators and the supersymmetries are now in the form
while the symplectic transformations of the fermionic generators are
The operator D = 2M 76 in vector indices becomes now proportional to Γ 76 . According to (A.33) its eigenvectors will thus distinguish the chiral and antichiral parts of a spinor in 6 dimensions. This implies that the Q and S supersymmetries, which have respectively weight under the dilatations, correspond with the parts in the splitting of the spinors M iα as in (A.34). We thus define
The anticommutators of these fermionic generators are
which we will explicitize below.
Also here it is useful to introduce x-dependent supersymmetry parameters to describe rigid superconformal transformations [13] 
where ǫ and η are the parameters of Q and S supersymmetry. The full generator of the infinitesimal transformations of the superconformal group is given by 25) where in addition to conformal transformations defined above we have supersymmetry, special supersymmetry and internal symmetry transformations U.
The superconformal algebra in six dimensions
Here we will rewrite the superalgebra OSp(6, 2|4) in (2.18), relevant for sixdimensional (0,2) non-gravitational theory, in more standard terms. First we consider the 28-parameter conformal group SO(6, 2) which include the 21 parameter Poincaré group, dilatations and special conformal transformations. The algebra is given by 2 (2.2), which, using the definitions (2.1), gets the form
On the fields this is realized as
The anticommutator of supersymmetries Q produces translation, that of the special supersymmetries S produces a special conformal transfor-2 In the 2-dimensional case the analogous set of generators (M 01 , D, P 0 , P 1 , K 0 , K 1 ) corresponds to a finite subgroup of the infinite dimensional conformal group and is well known in terms of mation and finally the anticommutator of supersymmetry with the special supersymmetry produces a dilatation, a Lorentz transformation and an USp(4) ≈ Spin(5) rotation U ij :
The USp(4) part of the algebra is (2.19). There is also a set of commutators between generators of conformal group and fermionic generators which carry the information that the supersymmetry and special supersymmetry transform as spinors under the Lorentz group and that the Weyl weight of Q(S) equals 1/2(−1/2) :
There are two important commutators: i) between special conformal symmetry and supersymmetry, which produces special supersymmetry. This means that each time when the theory has special conformal symmetry and supersymmetry, the special supersymmetry is guaranteed; ii) Translation and special supersymmetry generate supersymmetry.
Finally, there are commutators of supersymmetry and special supersymmetry with internal symmetry carry the information that the supersymmetry and special supersymmetry are in the fundamental representation of the internal group USp(4) as given in (2.21). This is a full set of generators of OSp(6, 2|4) = OSp(8 * /4) supergroup which is a super extension of the anti-de Sitter group in 7 dimensions. All positive-energy unitary representations of this supergroup are constructed in [16] using super-oscillators. In particular, the ultrashort multiplet, called doubleton was found in [16] by using one pair of oscillators. The corresponding 6-dimensional field theory was expected to contain a two-index antisymmetric tensor field with a self-dual field strength, 5 scalars and a (0,2) chiral spinor. The superconformal doubleton field theory was constructed in [17] .
In fact due to the self-duality of the tensor fields only the field equations were found. The theory was constructed for the fields which live on the boundary of the adS 7 which is an S p × S 1 space. The equations of motion were shown to transform into each other under the action of the superconformal transformations. In particular, the equation of motion for the 5 scalars of the doubleton field theory was found to be 6) where the covariant derivative is due to the fact that the fields are coupled to the curved background of S p × S 1 . We will show below that the action of the free tensor multiplet in Minkowski 6-dimensional space is superconformal invariant and the equation of motion for 5 scalars, being a free equation, is different from (3.6).
Small excitations of the M 5-brane
We consider the following action which will be later shown to be a quadratic approximation of the gauge-fixed M 5-brane action:
This is the action of the free superconformal (0,2) tensor multiplet in a 6-dimensional Minkowski space 3 . There are 5 scalars X a ′ , a right-handed 16-component spinor λ and a tensor field B µν with on shell self-dual field strength. The auxiliary field a(x) was introduced by Pasti-Sorokin-Tonin [26] in order to write down a 6-dimensional Lorentz covariant action for a self-dual tensor. The derivative of the auxiliary field
is used to convert a 3-index field H µνρ into 2-index field H µν :
The action depends on
and
The action is invariant under the local symmetries I, II and III discovered in [25] :
Using these symmetries one can show that the field equation for the tensor field can be reduced to the self-duality condition:
The transformations I and III are reducible gauge invariances. First there is the usual one for gauge antisymmetric tensors. But there is more:
The action is invariant under rigid conformal symmetry under condition that we assign the following weights to our fields
It follows that
One can easily see the Poincaré symmetries. For the special conformal transformations we have to check (2.9). It is satisfied separately for φ i representing the fields a, X a ′ , λ and B µν . In fact the mechanisms at work are typical for the usual way in which dilatational invariant theories are often conformal invariant:
1. a is a scalar of Weyl weight 0, such that both terms in the bracket of (2.9) are vanishing. The action is invariant under the superconformal supersymmetry transformations with left-handed parameter ǫ and right-handed η:
We remind that ǫ(x) = ǫ + γ µ x µ η as explained in (2.24) with respect to rigid supersymmetries. Here the off shell (anti) self-dual tensor field strength is defined as
To prove the invariance one can use that under variations of a and H µνρ we have
(4.12) After taking the ǫ-variations one adds partial derivatives such that the derivatives do not act on λ. Then one finds that there only remain derivatives on ǫ from the variation of λ. We thus get
Using ∂ µ ǫ(x) = γ µ η, the second term drops due to the identity γ µ γ νρσ γ µ = 0. The first term can then be cancelled by the explicit η term in δλ. Thus we have established that the action has an off shell superconformal supersymmetry as well as a set of gauge symmetries defined in (4.5).
The equations of motion for the scalars of the free superconformal tensor multiplet in Minkowski space are 14) which is different from the equations for the doubletons (3.6) which was presented in Sec. 3.
One can calculate the algebra of such transformations. The easiest part is the action of supersymmetries and special supersymmetries on the 5 scalars X a ′ . It is given by
This expression is a convenient way of representing all the anticommutators in (3.3). Note that the expression for ξ µ implies
The auxiliary field a is a singlet on all the fermionic symmetries [27] . The algebra is 17) which defines the gauge II transformation parameter φ(x) = −2ǭ 1 γ µ ǫ 2 ∂ µ a(x) to be a function of a derivative of the a-field. On B µν field the algebra will be most complicated, as it will include all 3 type of gauge transformations I, II, III depending on fields and bilinear in susy and special susy parameters. On fermions the algebra will contain terms with equations of motion. Altogether this is an example of a so called 'open' and 'soft gauge algebra' [28] , which often appear in supersymmetric gauge theories, supergravity and conformal theories. 'Open algebra' refers to the fact that equations of motion are necessary to close the algebra, the algebra is exact on physical states. 'Soft algebra' means that the commutators close with field-dependent structure functions:
18)
∂ µ c k ij = 0. Thus the 'structure constants' of the group are not really constant but are field dependent and therefore space-time dependent. Starting from this type of a soft gauge algebra which follows from the symmetries of a given Lagrangian, one can define a so called 'hard gauge algebra' where all fields are taken to be constant (consistent with the field equations). All structure constants of the algebra become then indeed constants ∂ µ c k ij = 0. This can be understood as a bona fide algebra. It does not have to be associated with any particular Lagrangian and could have a potential of describing theories with symmetries of a given supergroup even in absence of a particular field theory Lagrangian. The corresponding abstract algebra for the 6-dimensional superconformal group was presented in the previous section on pure algebraic basis. After identification of the 'soft algebra' from the dynamical Lagrangian of the tensor multiplet, one can verify that the 'hard algebra' derived from this Lagrangian is exactly the one given in Sec. 3.
Classical action of the M 5-brane.
The classical kappa-symmetric action of the M 5-brane was discovered by Bandos, Lechner, Nurmagambetov, Pasti, Sorokin and Tonin in Lorentz covariant form [3] and by Aganagic, Park, Popescu and Schwarz [4] in Lorentznon-covariant form. The covariance was achieved in [3] with the help of an auxiliary scalar field and additional gauge symmetries (type II and III). Upon gauge-fixing of these additional gauge symmetries a covariant M 5-brane action can be reduced to a non-covariant form [4] .
The form of both actions is rather complicated, the Wess-Zumino term was not yet derived in an explicit form and finally there is a technical problem associated with different notations, sometimes not fully presented, in all available M 5-brane papers.
Therefore we will first present a detailed form of the Lorentz covariant classical action in a flat 11-dimensional background together with the complete set of notations in Appendix A and more details on κ-symmetry in Appendix C. We will also give an explicit form of the WZ terms.
The action and its symmetries
We start from the following fields on the 6-dimensional world-volume of the 5-brane.
Here 11 X M (x) and 32 θ(x) are coordinates of the 11-dimensional superspace which however are not considered as labels only but as dynamical variables on the brane. B µν (x) is the tensor field on the brane and a(x) is an auxiliary scalar. The action [3] in a flat 11-dimensional background is
The first term in the action is given as an integral over the 6-dimensional volume and the second term, Wess-Zumino term, is presented in the form of an integral over the 7-dimensional manifold M 7 , which has as a boundary the 6-dimensional worldsheet, and I 7 is a total derivative (see section 5.2). We used the following notations: Explicit forms of c 3 and c 6 will be given below. It is further useful to introduce a notation
The gauge symmetries of the classical action in 6 dimensions are:
• local diffeomorphisms
• κ-symmetry (infinitely reducible)
• I, II, III (reducible)
For the zero modes of I, and III, see (4.7).
Furthermore there are rigid symmetries in 11 dimensions
• Poincaré (translations with parameter a M and rotations Λ M N ).
For later convenience we took a minus sign for the translations in 11 dimensions.
• supersymmetry
Under rigid space-time supersymmetry and 6-dimensional local κ-symmetry
The auxiliary field a does not transform under ǫ-supersymmetry and κ-transformations. The matrix Γ and the κ-transformation of B µν will be given in section 5.3. For giving its ǫ-transformation, we first write
This leads to explicit expressions [29] 
We can thus choose the transformation of B µν such that H is invariant under rigid supersymmetry:
The Wess-Zumino term
Now we will define the Wess-Zumino term. Due to (5.4) we have that dI 7 = 0, and [30]
The Wess-Zumino term can thus also be defined as the 6-dimensional integral of one of the expression in brackets in the equation above. Its normalization can be fixed by the requirement that the invariance III should be valid 4 . We have that
such that the appropriate normalization is
To get an explicit form for c 6 , using the above result for c 3 , we have to solve
We find the following solution (determined up to total derivatives)
With indices we thus have
Here we have introduced the notation
This accomplishes the derivation of the explicit form of the M 5-brane action.
We still have to show that the M 5-brane action upon gauge-fixing in a flat 11-dimensional background leads to a quadratic action for the tensor multiplet which in the quadratic approximation was shown to have a superconformal symmetry.
κ-transformations and gauge fixing
The form of the κ-transformations acting on all fields is defined by the form of κ-transformations acting on θ:
Here Γ is a function of fields of the theory: 20) satisfying Γ 2 = 1. On the remaining fields the κ-transformations are
We will summarize a proof of these results in appendix C. The κ-symmetry defined above is infinite reducible since it is given in terms of 32-component spinor κ, which however one can change by (1 − Γ)κ 1 (x), for any function κ 1 since (1 + Γ)(1 − Γ)κ 1 (x) = 0.
We first define the irreducible κ-symmetries, following [6] . The matrix Γ in (5.20) has square 1, such that the transformations where κ is proportional to 1 − Γ are zero modes of (5.8). To identify the irreducible part, we consider first the classical values. We consider the classical solution of the equations of motion
Therefore the irreducible κ symmetries are κ α , and we put
The tracelessness and unipotency of Γ allow to write it in terms of 16 ×16 matrices as 25) and if A is invertible:
With the reduced κ-symmetries, we thus have under the fermionic symmetries (5.8)
In the classical limit A = 0 and C = 1, therefore one can take the gauge κ -gauge :
The corresponding decomposition law is
where we have renamed the remaining fermion is θ α ′ , as λ, which is then right-handed. We also gauge-fix the 6-dimensional diffeomorphisms by
The resulting decomposition law is :
This implies that after the gauge fixing the fields X a ′ and λ transform under the 32 rigid supersymmetries as follows
We further have
Due to the chirality restriction of the gauge fixed θ, which becomes now λ, there are further simplifications. E.g.
After gauge-fixing, we can use in the M 5-brane action (5.2) (action of the self-interacting tensor multiplet)
The following explicit form of the Born-Infeld expression G for what concerns the dependence on H * µν can be given:
For the Wess-Zumino term we can write are non-linear in the gauge-fixed theory.
Cutting to the linearized action
By linearized, we imply that we count powers of X a ′ , θ and B µν , leaving a arbitrary. We keep in the action terms quadratic in these fields, and in transformation laws linear terms. We obtain
Putting everything together we have
For the transformation laws, the remaining parts of the decomposition law are:
The remaining part from the 6-dimensional general coordinate transformations are thus the rigid 6-dimensional Poincaré transformations (for the spinors they combine with the 6×6 part of the 11-dimensional Lorentz transformations). There remain also the translations in the extra 5 dimensions, as constant shifts of the X a ′ , and the Lorentz rotations in these 5 dimensions. These become the internal symmetry USp(4). The remaining off-diagonal parts of the Lorentz transformations remain only as
Remains the supersymmetry part. We have
At the linear level we have
For the last term, we use (A. 22) , and
Then we use the second line of (4.11) . This leads to the transformation
Thus we have derived the action for the small excitations of the M 5-brane from the non-linear action. The supersymmetries of the quadratic action follow from the supersymmetries of the full non-linear action (however only 16 of the 32 are linear supersymmetries acting on the states of the multiplet).
The special supersymmetries presented in Sec. 3. emerge only for quadratic approximation of the full M 5-brane theory.
Breaking of superconformal symmetry by self interaction of the tensor multiplet
Consider the full non-linear action of the gauge-fixed M 5-brane (5.2). We can expand it around the quadratic approximation
Interaction terms are cubic, quartic etc. in scalars X a ′ , spinors and tensors. For example we have terms of the form
etc. All of these terms are not invariant under dilatation and therefore the superconformal symmetry of the free action of the tensor multiplet is lost. Another way to see this is to introduce the tension 1 l 6 P and rescale every field in the tensor multiplet by l 3 P . The quadratic part of the action will be independent on l P however, the interaction terms will all depend on l P : cubic terms will have l P in front, quartic will have l 2 P etc. An interesting question which remains is to find out what will happen if the M 5-brane action would be quantized in the curved background of 11-dimensional supergravity. This would correspond to taking into account terms proportional to l P in the background. Is it possible to restore the superconformal invariance of the free tensor multiplet in presence of both self-interaction as well as interaction to supergravity? This we leave for further investigations.
6 M 5 as a classical solution of 11-dimensional supergravity and conformal symmetry
One of the most puzzling issues of the current status of our understanding of the fundamental theory is the relation between the space-time and the worldvolume pictures. Here we suggest a step to uncover this relation: we will study the symmetry of the space-time near the horizon and symmetry of the quantum field theory on the worldvolume. The space-time configuration corresponding to M 5-brane is
where µ is a parameter and dx
This is the adS 7 × S 4 geometry. We introduce the variable w by
or solving for ρ:
where f (w) is analytic at w → 0. Thus
For w → 0 the metric gets the adS 7 × S 4 form
The adS 7 transformations form the group SO(6, 2). This can be made explicit by defining it as a submanifold of an 8-dimensional space
with metric (signature (− + + + + + +−))
The submanifold is determined by the equation
On the hypersurface we will define the coordinates {x µ , w} by
The induced metric on the hypersurface is
The SO(6, 2) is linearly realized in the embedding 8-dimensional space, and these transformations, (μ = µ, +, − and Λμν = −Λνμ) 11) satisfy the algebra (2.2). Some of these transformations are then non-linearly realized on the 5 + 1 space of the brane. Indeed we get
with ξ µ as in (2.5), when we identify
Thus we have found that the fact that the geometry of the infinite throat is an adS 7 space leads to the conformal symmetry of the 6-dimensional worlvolume.
Discussion
We have performed here a study of the M 5-brane theory whose small excitations are associated with OSp(6, 2|2N) superconformal theory in d=6. Our main new results are the following.
We explained the generic procedure which allows to establish the presence of rigid superconformal symmetry in non-gravitational theories in dimensions higher than 2.
We have derived an action of the (0,2) free tensor multiplet in 6 dimensions. The action has a superconformal symmetry and it is Lorentz covariant due to the use of the Pasti-Sorokin-Tonin [26] auxiliary field a(x). The precise form of the superconformal invariant action is
where the two-index field H µν is a usual 3-index field strength of the tensor field contracted with the derivative of the auxiliary field and * (−) on H mean dual (anti-self-dual) combinations. The Weyl weights and properties of fields under special conformal transformations, under supersymmetry and special supersymmetry and internal symmetry group can be found in Sec. 4. This action was derived as a truncation of the full gauge-fixed M 5-brane action. The meaning of scalar fields X a ′ (x) is that they are excitation of the five transverse directions of the brane in space-time, the meaning of the chiral worlvolume spinors λ(x) is that they are excitations of (half) of the 11-dimensional superspace coordinates θ(x) and finally, H(x) represent a tensor field on the brane which does not have a simple interpretation in space time but is necessary to complete the supersymmetric tensor multiplet on the worldvolume. The supersymmetry transformations of the free tensor multiplet are derived by the truncation of the non-linear supersymmetry, however the special supersymmetry emerges only for the quadratic action describing the small excitations of the M 5-brane.
The interaction terms of the M 5-brane action violate superconformal symmetry of the free action since they have wrong scaling behavior, e. g. we have terms ∂ µ X a ′ ∂ ν X a ′λ γ µ ∂ ν λ etc. We have given a detailed derivation of the gauge-fixing procedure for the full non-linear M 5-theory with 32 linear-non-linear global supersymmetries. This leads to a better understanding of the single M 5-brane dynamics. One may try to generalize the gauge-fixing procedure for the case of the non-trivial backgrounds. So far we have only worked in a flat 11-dimensional superspace background.
Finally we focused on the deep relation between adS 7 geometry of the M 5-brane throat and the supergroup generalization of it, which is precisely the superconformal algebra of the small excitation of the brane. We explain this relation in Sec. 6 .
We have displayed the full superconformal algebra which corresponds to the symmetry of the (0,2) tensor multiplet in six dimensions. We have presented the OSp(6, 2|2N) algebra in two forms: first, using a 'triality' of SO(6, 2) we gave a manifestly symmetric superalgebra with graded (fermionic) bosonic (anti) commutators, see (2.18) . Secondly, we presented the OSp(6, 2|4) superconformal algebra in more familiar form which includes 28 generators of SO(6, 2) bosonic conformal symmetries and 16 supersymmetries and 16 special supersymmetries and also the generators of internal symmetry, an USp(4) ≈ Spin(5) group, see Sec. 3. We have only studied here the classical superconformal algebra since in d=6 even this is much less understood than in d=2 and in d=4. 6 The next step will be to study the OPE's and extract information about correlators of various operators in 6-dimensional superconformal field theories.
A Notations
We start from 11-dimensional superspace with coordinates The X M thus reduce to {X µ , X a ′ }, the former being gauge fixed to x µ , worldsheet coordinates on the 5-brane.
The space-time metric η M N is (− + . . . +). Let us also repeat that all (anti)symmetrizations are with 'weight 1', e.g.
A.1 Decomposing 11-dimensional gamma matrices and spinors
Many aspects about the Clifford algebras in various dimensions can be found in [31] . In 11 dimensions the charge conjugation matrix is C, which is antisymmetric, and CΓ M is symmetric. Majorana spinors satisfyλ ≡ −iλ
With indices, the matrix C is C AB , the inverse is C AB , and gamma matrices are written as (Γ M ) A B . And let us also repeat the equations which are heavily used
.
(A.3)
We now decompose the 32-component spinor index A in {(αi), (α ′ i)}, and simultaneously M in {a, a ′ }. The α and α ′ will be chiral and antichiral indices in 6 dimensions as we will take a representation where
where in the notation with ⊗ the first factor refers to the 8 × 8 matrix in (α, α ′ ), while the second factor refers to the 4 × 4 matrix in indices i. In this sense we take a representation where
where Ω is the (real antisymmetric) symplectic metric, and there are further relations
We then have indeed symmetry of CΓ M :
Finally (A.4) imposes on our representation that
which then also impliesγ 0 γ 1γ2 γ 3γ4 γ 5 = .
To indicate our use of indices, we rewrite some matrices from above with indices:
where
The matrixγ a is now the matrix γ a where the first (lower) index is the antichiral α ′ , and the second is α. We then have (for a = 0) 11) and the indices of this matrix are raised or lowered with c αα ′ using the NW-SE convention:
Remark that the Majorana condition is
using again the NW-SE index contraction.
A.2 6-dimensional conventions
Writing the latter equation on the spinor split in 6-dimensional chiral parts,
, we obtain the 6-dimensional Majorana condition which we will
which also applies for indices α and α ′ interchanged, and where the last equation uses raising of indices with NW-SE convention:
We call a spinor of the form λ = λ αi 0 "left handed" or "positively chiral" . The charge conjugation matrix in 6 dimensions is c αα ′ , and the gamma matrices are the first factor of Γ a in (A.5). Writing L and R for left-and right-handed spinors we havē It is useful to know the relation
(A.20) where Γ * is +1 on left-handed and −1 on right-handed spinors. We denote the dual, self-dual and anti-self-dual of a three index tensor as
Remark that omitting the Ω ij in C this becomes the symmetric charge conjugation matrix from 6 dimension.
As we did already when using explicit indices in the second part of appendix A.1, we will omit tildes on the γ matrices when chiral spinors are used, as the place where these matrices occur shows automatically which one is meant.
For a left-handed spinor ǫ we have for any antisymmetric tensor F abc :
Under complex conjugation we have
A.3 SO(5) notation
We can replace USp(4) notation with SO(5). We identify Ω ij with the charge conjugation matrix in 5 dimensions, which is thus real and antisymmetric. An Ω-traceless antisymmetric tensor X ij can then be translated to a 5-dimensional vector, and a symmetric tensor U ij to an antisymmetric U a ′ b ′ : .24) Note that this implies
For vectors and spinors of Spin (5) we have
We will often therefore omit the USp(4) indices, implying a NW-SE convention for summation indices: 27) so γ a ′ matrices are supposed to have their indices in the position (γ a ′ ) i j . When taking Majorana conjugates, γ a , γ ab and γ a ′ b ′ are the matrices which lead to minus signs. E.g. in a supersymmetry commutator we can only have the following structures:
This gives thus the antisymmetric structures between spinors of equal chirality. For spinors of opposite chirality the symmetric combinations arē
A.4 (6, 2) Clifford algebra
The general properties of this algebra can once more be extracted from [31] .
We start from the 6-dimensional matrices in (A.5) (omitting the USp(4) part). The SO(6, 2) indices will be indicated byμ = 0, 1, . . . , 7, and we use Let us repeat that we drop the tildes in the main text where these matrices act on chiral or antichiral 6d spinors. Note also that e.g. in contrast to [4] we consider the differentials as spacetime derivatives, commuting with the spinors.
A.5 Forms and integration
B More on the conformal algebra Note the sign difference between the commutator of these matrices and the commutator of the generators, which is due to the difference between 'active and passive' transformations. See e.g. also for transformations on a field of zero Weyl weight: (transformations act only on fields, not on explicit Due to a 'theorem on covariant derivatives' (see section 2.5 of [19] ) one only has to consider some transformations of the gauge fields to obtain the full result of its transformation. One discovers that the last line of (B.5) exactly contains these extra terms.
C Details on M 5-brane and κ-symmetry
To determine the κ transformations, we first do not fix δ κ θ. The transformation of X M in (5.8) is sufficient to determine that c 3 transforms as
We then fix the κ-transformation of B such that it cancels with the second term above in δ κ H. We thus obtain δ κ B as in (5.21) and
